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The plane problem of the uniform heating of a locally inhomogeneous elastic isotropic plate is solved. The inhomogeneity of 
the material in question is concentrated in a circle or a ring. and the thermomechanieal characteristics of the material have circular 
symmetry and vary sharply inside this circle or ring. The functions representing the properties of the material are continuous 
everywhere (together with its first derivatives) and take constant values outside the region of local inhomogeneity. The case of 
an infinite plate is considered. In addition, the temperature problem for a finite plate, when the dimensions of this plate are 
much greater than the dimensions of the region of inhomogeneity, is also solved. A semianalytic method of solving such 
temperature problems is proposed. © 1996 Elsevier Science Ltd. All fights reserved. 

The majority of papers published on the theory of elasticity for inhomogeneous solids are devoted to 
materials with a uniform inclusion, and also piecewise-uniform materials. Structures having a locally 
continuous inhomogeneity of the mechanical properties have been somewhat less investigated, particu- 
larly in cases when the mechanical properties of the body are described by rapidly varying functions 
[1-31. 

In this paper we consider the elastic equilibrium of a locally inhomogeneous isotropic plate when 
the temperature is uniformly distributed. The inhomogeneity of the material is concentrated in a circle 
of radius a, and the thermomechanieal characteristics of the material have circular symmetry and vary 
rapidly inside this circle. 

The origin of coordinates is places at the centre of the circle. We will solve the axisymmetric problem 
in a polar system of coordinates r, 0. We will use the dimensionless polar radius r (relative to a). 

We will write the relation between the stresses o,, oo and the strains er, ~ for the case of a plane 
stress state as follows: 

( : : t  { ° r t - v ( r ) IO° l+E(r ) °~ ( r )AT  E(r) = Go [.Or J 

E ( r )  
G ( r )  = AT = const 

2(1 + v(r)) ' 

(1) 

where E(r), G(r), v(r) and a( r )  are the variable Young's modulus, shear modulus, Poisson's ratio and 
the coefficient of thermal expansion, respectively. 

We will specify the thermomechanical characteristics of the material as follows: 

~ ( r ) = ~ l + ( ~ O - ~ l ) f ( r - r o ) ,  ~=E,G, ot (2) 

The subscript one denotes the elastic constants in the region r /> 1 and the zero subscript denotes 
the elastic constants in the region r ~< r0, 1 > r 0 > 0. The functionf(r - r0) = 0 when r >I 1 , f ( r  - ro) = 
0 when r ~< r0, while in the region r0 ~< r ~< 1 

f (y)  = {s I ch([~y) cos([~y) + s 2 sh([~y) sin(l~y) + 1} / (s! + 1), y = r -  r 0 

The constants sl and s 2 are given; they are subject to the requirement f '(1 - r0) = f(1 - r0) = 0. The 
conditions f ' (0)  = 0 and f(0) = 1 are then automatically satisfied. The function f and its first derivative 
are continuous eve~rywhere. The parameter 13 satisfies the condition [3 -1 ~ 1. In this case, the function 
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Fig. 1. 

f varies rapidly in the region of the boundary r = 1 (Fig. 1, curve f ) .  Such a distribution of the 
thermomechanical  characteristics (when E0 > El)  may, for example, be the result of  cold hardening 
of  a circular plate r ~< al  f rom porous material with a piecewise-constant thickness. The ring a0 ~< r ~< 
al  has a thickness hi, and the region r ~< a0 has, correspondingly, a thickness h0 > hi. The purpose of 
cold hardening is to obtain a plate of  uniform thickness h.  < hi. 

We will write the equations of equilibrium and of compatibility of  the strains for the case of  the 
axisymmetric problem in the form 

d (j r de o 
a o = r  dr  + a t '  r dr  + e ° -  er = 0  (3) 

In an infinite plate the strains Co, er approach zero as r -~ oo, while the functions o0 and ar are finite 
at the point r = 0. 

The mechanical characteristics of the material are constant outside the region 1 i> r >/r0. Consequently, 
in the region 0 ~< r ~< r0 the stresses are constant: 6r = a0 - (jr(r0), while in the region r I> 1 the stress 
dis tr ibut ion  has  t h e  f o r m  

(Jr =[f fr( l )+ P ( l - v l ) - I ] r - 2 - p ( I - v l ) - I ,  P= Ela|AT 

O o = - [O r (1) + P(I - V! )-I] r-2 _ P(! - v I )-t (4) 

For an infinite plate, instead of stress distribution (4) we will have, in the region r />  1, the solution 

(jr =[( j r (1)+A]r  -2 - A ,  A = ( j r ( l ) / ( r ,  2 -1 )  

(ja = - [(jr (1) + A] r -2 - A (5) 

where r = r. is the free boundary of the plate. 
Hence,  the problem reduces to solving system (1)-(3) in the region 1 ~ r I> r0 with the following 

boundary conditions 

r = l:(j  = - 2 P ( 1 -  vl)- t ;  r = ro: (j = 2(jr (6) 

o r  
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r = 1: o = -2.o,l(r. 2 - 1); r = r0: o = 2Or (7) 

where o = o, + e'0. 
Condition (7) oorresponds to the solution of the temperature problem for a finite plate (r = r. is the 

free boundary). 
Note that when r* 1 ,< 1, we have o(1) ~ 0, and the stress state in the region r ~< 1 is practically 

independent of the location of the boundary (i.e. is independent of r.). 
Relations (6) and (7) follow from the condition for the stresses and strains to be continuous on 

the boundaries r = 1 and r = r0, taking into account the nature of the stress state outside the region 1 
<. r <<. r o. 

We will describe the method of solving problems (1)-(3). We will split the region [r0, 1] into N equal 
sections [tl~ , tin+l], n = 0 . . . .  , N -  1; tl0 = r0, ~ = 1. 

We will write the system of equations (3) in the following integral form 

C(rl) = C(n~)(Tl/ nn) -2 + ~rl-2/_a [C(rl)]~ + 

+D(n~)n -2 ~ r E(r) dr_n_ 2 i rE(r)[a(r)-a(n~)]ATdr 
E(tln ) n, 

D(r]) = D(n. ) E(n) / E(n. ) - E0q) [a(n) - a(n~)] AT + ~ E(n)/-2 [C(n)]~. 

(8) 

Here 

C ( ~ )  = (~r(~), D(rl) = O'r(T~)+ 1~0(~), r ~ [rl.,q.+l] 

Ll[C(Vl)]~ = t E ( r ) r  i ( F ( ~ ) ) C ( ~ ) d ~ d r  
"tin "qn 

nn 

We will obtain the general solution of the initial homogeneous system of equations (3) and also its 
partial solution. 

We first calculate the following functions: C(~)(rl)---the solution of the homogeneous system of 
exluations (8) in the section [rl., Tin+l] with boundary conditions C~l)Oln+l) = 1, O(1) ( l ln+l )  = O, 
C(2)n(ll)---the solution of system (8) with the boundary conditions 

(2) On(2) (1~n+l) = C~' (~+ , )  = O, 1; 

C~°)(tl)--the partial solution of system (8) in the section [tin, tin+l] for the conditions C(°)(tln+D = O, 
= 0 .  

These functions can be found by the method of successive approximations, solving system (8) in the 
small section [~l,,, .'q,,+d. When integrating system (8) it is assumed that the integral terms Lt and L2 
are known; they are found in the previous step of the iterative process. When finding the first 
approximation, the terms L1 and L 2 are assumed to be zero. 

We will obtain the solution of the homogeneous system of equations (8). 
We substitute the solution C(TI) = COI,+I) CnO)(TI) + D01,,+I) C(2)TI into the integral terms L2 and 

L2 of system (8) in the section [~,,, Tin+l], and rewrite the homogeneous system of equations (8) with 
TI = Tin+l in the form 

C(T]n+ 1 ) ~. c(~n ) (,l ln+ I / T] n )-2 + y2 TIn21 [C(TIn+] ) (4)l.n + 

+D(~+,)  (P2,~ ] + D(TI~) q~2+,n3÷' r E(r) dr  (9) 
,1~ E(rl~ ) 
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D(rl,,+l ) = D(rl,, ) E(rln+l ) / E(rln) + ~ E(rln+l ) [C(rln+l ) WL,, + D0q,,+t ) W2,,, ] 

c(i)( ]n.+~, (i) n.+j %.n=~[ n rl) n, Wi,~=I_~[C'~ (1"I)]11" , i=0,I,2 

System (9) enables us to determine the required quantities C(rh+O, and D(rh+l) for known values 
of C(rh), and D(~). Calculations were carried out using the implicit scheme [4], which guarantees that 
the calculation will be stable. The solution of the system of linear algebraic equations (9) is the general 
solution of the initial homogeneous system (3) at the nodes n = 0, I, 2,..., N, i.e. this solution depends 
linearly on the initial conditions C(r0) and D(ro). 

To obtain the partial solution C.(rh+1 ), and D.('q~+ 0 of system (3) we must add the terms 

l -2 -2 "qn+l 
~- rln+ttP0,n - qn+t _ r E ( r ) [ o f f r ) -  0~('q,)] A T  dr  

tin 

and 

l~ E( l ln+ 1 ) ii/O,n _ E(.q~+l ) [(X(1]n+l ) _O[(Tln )] A T  

to the right-hand sides of the equations of system (9), respectively, and redenote the quantities C(.) 
and D(.) by C.(.) and D.(-). 

Note that in this case the operators L1 and L2 are applied to the solution 

c.(q) = c.(rl.+,) c~)(rO + D.(q.+,) C~:)(~)+ C~°)(~) 

We assume that the partial solution satisfies the condition 

C.(r  o) = D. ( r  o) = 0 

We write the general solution of the problem in the form 

o r = BC(rl) + C. (rl), o 0 = BiD(q) - C(q)l +/9. (q) - C, (1"1) 

where the solution C(r) and D(r)  of the homogeneous system of equations is specified by the condition 
C(ro) = 1 and D(ro) = 2. In this case the second boundary condition (6) or (7) is satisfied directly. The 
constant B is found from the first boundary condition (6) or (7). 

Hence, we have formally constructed an exact solution of system (3) with conditions (6) or (7). 
This algorithm was realized on a personal computer. To apply the method of successive 

approximations we use a subroutine for the numerical integration of functions. Calculations show that 
the semianalytic method of solving the temperature problem proposed here is highly accurate even for 
a small number M of iterations (for example, for M = 3 or M = 2) using the method of successive 
approximations to calculate the functions ~i)n(rl) , i = 0, 1, 2 in the small interval [tin, tin+l]. 

In Fig. 1 the upper curves represent the stress distribution in the finite plate (r. = 100): Or* = o / P  
(curve 1), o~ -- o0/P (curve 2) and of the functionsf(r - r0) (curve f)  with respect to r in the region 
r ~< 1 for k = 0.5, ca = -0.05, va = 0.47, r0 = 0.2, and [~ = 10, where 

P= EIcqAT, k= E° -EJ  
El 

Ot 0 - O~ 1 

0~ 1 

For the same values of the parameters, the stress distribution in an infinite plate is shown by the lower 
curves (or* is curve 1). 

In the region r > 1 the stress distribution is described by (4). 
The temperature problem (AT = const) was solved similarly for an inhomogeneous plate in the case 

when the inhomogeneity of the material is localized inside the ring r0 ~< r ~< 1. The case of a finite circular 
plate r* 1 ,~ 1 is considered. 

The thermomechanical characteristics of the material are specified by relations similar to (2), namely 

~(r)=~l +(~2-~i)f(r-r2), r2=(l+ro)12, ~=E,G,~t 

where the subscript one denotes the elasticity constants in the regions r I> 1, r ~< r0, while the subscript 
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two deno tes  the elasticity constants  in the  middle  surface r = r2 of  the ring o f  inhomogenei ty .  
T h e  func t i on f ( r  - r2) = 0 for  r ~ 1, r ~< r0, but  in the region r0 ~< r ~< 1, as in the previous  p rob lem,  

it is specified by the analytic fo rmula  f0 , )  wri t ten above,  in wh ichy  = r - r2. 
T h e  constants  s:t and  s2 are known;  they are subject to the  r equ i rement  f ' ( 1  - r2) = f (1  - r2)0. The  

c o n d i t i o n s f ' ( r o  - r 2 )  = f ( r o -  r2) = 0 and also f (0)  = 1 are then  automat ical ly  satisfied. 
We will consider  the  case when  ~1-1 ,~ 1. 
In  the  region 0 -'~ r ~< r0 the stresses are constant:  or = 60 = or(r0), while in the region r.  I> r I> 1 the 

stress distr ibution is given by (5). 
In  Fig. 2 we  show the func t ion f ( r  - rz) ( cu rve ) )  and the distribution of  the  stresses o* = 10 x 6,/P 

(curve 1) and 05  ='- oo/P (curve 2) with respec t  to two in the ring r0 ~< r ~< 1 where  the pe r tu rba t ion  of  
the  t he rmomechan i ca l  characterist ics o f  the mater ia l  are localized, for  k = 0.5, ca = -0.5,  vl  = 0.2, v2 
= 0.47, r0 = 0.8, I~ = 10/(1 - r0) and r.  = 100. H e r e  P = E l o l A T ,  k = (E2 - E1)/E1, c~ = (t~2 - ttl)/oq. 
We have  p lo t ted  the quan t i tyy  = (r - r0)/(1 - !"0) along the abscissa axis. 

No te  tha t  we can obta in  an exact analytic solut ion of  the t e m p e r a t u r e  p rob l em in the  case when  the 
t h e r m o d y n a m i c  characterist ics are given in the fo rm 

G = c o n s t ,  E ( r ) = 2 G ( l + v ( r ) ) ,  v = v ( r )  <~ ~ ,  c t=t~(r)  

(see (8) with n = 0). 
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